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We have analytically explored the quantum phenomenon of particle scattering by harmonically
trapped Bose and Fermi gases with the short ranged (Fermi-Huang δ3p [1]) interactions among the
incident particle and the scatterers. We have predicted differential scattering cross-sections and
their temperature dependence in this regard. Coherent scattering even by a single boson or fermion
in the finite geometry gives rise to new tool of determining energy eigenstate of the scatterer.
Our predictions on the differential scattering cross-sections, can be tested within the present day
experimental setups, specially, for (i) 3-D harmonically trapped interacting Bose-Einstein condensate
(BEC), (ii) BECs in a double well, and (iii) BECs in an optical lattice.
PACS numbers: 03.65.Nk, 67.85.-d, 03.65.-w
I. INTRODUCTION
In the existing literature, quantum scattering theory
is discussed both for classical scatterers (which are ei-
ther fixed or having classical motions in space [2]) and
quantum scatterers e.g. quantum scattering by atoms,
molecules, nuclei, etc [3]. ‘Particle’[47] can be scattered
coherently from each and every point of the region of
space of the quantum scatterer if it is fired onto the re-
gion, and carries information about the state of the scat-
terer after being scattered. There are some theoretical
discussions on quantum scattering for unfixed quantum
scatterer(s) bounded in a region of space, e.g. diffrac-
tion of atoms from a standing-wave Schrodinger field [4],
scattering of slowly moving atoms by a 3-D harmoni-
cally trapped BEC within Bogoliubov-de Gennes formal-
ism [5], particle scattering by a weakly interacting BEC
[6–11], transport of atoms across interacting BECs in a
1-D optical lattice [12], a nondestructive method to probe
a complex quantum system using multi-impurity atoms
as quantum probes [13], particle scattering by quantum
scatterers in restricted geometries [14], etc.
In none of the previous works, related to the quan-
tum scatterers, temperature dependence of the scatter-
ing amplitude or that of the differential scattering cross-
section was studied except that for scatterer(s) in box
geometries or in array of boxes [14] and for scatterers
in 3-D harmonic trap in the thermodynamic limit [8].
Thus, we naturally take up discussion on quantum scat-
tering to introduce quantum scattering with quantized
motions of the scatterers in thermal equilibrium in finite
geometries of harmonic trap as probe for Fermi-Huang
δ3p [1] interactions (among the ‘incident’ particle and the
scatterers), which although are easy to deal with, have
huge applications in the field of ultra-cold atoms [15, 16].
∗Electronic address: sbsp [at] uohyd.ac.in
We are specially interested in temperature dependence
of differential scattering cross-section for scatterers in
the harmonically trapped geometry in this regard, as be-
cause, thermodynamic properties of ultra-cold gases in
harmonic traps are of growing interest [16–19].
If a plane wave (eikz) associated with a free particle
(‘particle’) of a given momentum (p = ~kkˆ) is scattered
by a fixed scatterer (at r = 0) with an interacting po-
tential (Vint(r)), then a spherical wave (
eikr
r ) goes out
of the scatter with a scattering amplitude (f(θ, φ)) to a
particular direction (θ and φ) with respect to the ini-
tial direction of incidence (kˆ). If the scatterer is not
fixed, say, the scatterer is a particle in a 1-D simple har-
monic oscillator (−∞ < x0 < ∞), then, according to
the superposition principle, the ‘particle’ would be scat-
tered coherently from all the positions ({x0}) with the
respective probability density |ψn(x0)|2, where ψn(x0)
(n = 0, 1, 2, ....) is the normalized energy eigenstate of
the scatterer. In this situation, spherical waves ( e
ikr′
r′ )
go out after scattering form all the source (of scattering)
points ({x0}). All the outgoing spherical waves ({ eikr
′
r′ })
interfere, at a distance r = x0 + r
′ to a particular direc-
tion (θ, φ) from the center of the oscillation, with differ-
ent phases and give rise to a coherent scattering ampli-
tude fn(θ, φ) which now depends on the quantum state
(|ψn >) of the scatterer. Small angle neutron scatter-
ing by quantum dots was investigated by Pinero et al
without precisely probing quantized motions of the scat-
terers in them [20]. Particle scattering by coherent media
was also studied experimentally by Chikkatur et al [21]
and Bromley et al [22]. While Bromley et al did not
probe quantized motions of the scatterers in the dense
medium, Chikkatur et al, could probe quantized motion
of the scatterers, to a certain extent, in a BEC; though
they did not probe angular dependence of the scattering
amplitude. However, electron scattering by harmonically
trapped BEC [23] and Fermi gas [24] was studied theo-
retically for T → 0. Although temperature dependence
ar
X
iv
:1
60
6.
02
80
4v
5 
 [q
ua
nt-
ph
]  
16
 Fe
b 2
01
8
2in particle scattering by a BEC was studied by Montina
[8], he considered quantized motions of the bosonic scat-
terers in the thermodynamic limit within Thomas-Fermi
approximation. About light scattering by a BEC or by
ultracold atoms in optical trap, the experimental work of
Schneble et al in Ref. [25], the recent theoretical works
of Ezhova et al in Ref. [26], Zhu et al in Ref. [27] and
Kozlowski et al in Ref. [28], the review work of Mekhov
and Ritsch in Ref. [29], and the references therein, are
quite interesting. Above all, temperature dependence of
the differential scattering cross-section, for particle scat-
tering with quantized motion(s) of the scatterer(s) in har-
monic/optical trap, has not been studied so far.
This article begins with revisiting of the quantum the-
ory of particle scattering for a fixed (classical) scatterer
with Fermi-Huang potential (i.e. regularized δ3 poten-
tial: Vint(r) = gδ
3
p(r) = gδ
3(r) ∂∂r r). Then we have
generalized the theory for quantum scatterer(s) in re-
stricted geometries, in particular, for bosonic/fermionic
scatterer(s) in a (i) 1-D harmonic trap, (ii) 2-D harmonic
trap, and (iii) 3-D harmonic trap. Then we have cal-
culated the scattering amplitudes, and have plotted the
differential scattering cross-sections for all the cases. We
also have investigated temperature dependence of the dif-
ferential scattering cross-sections for the above cases, and
specially emphasized on the differential cross-section for
particle scattering by BEC(s) in the 3-D harmonic trap
[30], double well trap, and the optical lattice.
II. PARTICLE SCATTERING BY A SINGLE
SCATTERER IN A HARMONIC TRAP
In quantum scattering theory of particle scattering we
deal with the time independent Schrodinger equation(
− ~
2
2m
∇2 + Vint(r)
)
ψ(r) = Eψ(r). (1)
Scattering of an incident particle of mass m and the given
momentum ~kkˆ, is recast, as scattering of a ‘particle’ (i.e.
scattering of the plane wave ψin ≡ eikz) by the inter-
acting potential Vint(r), into an outgoing spherical wave
ψout ≡ eikrr . General form of the solution to Eqn.(1), in
the radiation zone, takes the form [2]
ψ(r) = ψ(r, θ, φ) ' A
[
eikz + f(θ, φ)
eikr
r
]
, (2)
where |A|2 is proportional to the intensity of the incident
‘particle’. From this information, we can find out the
scattering (probability) amplitude (f(θ, φ)) of the out go-
ing spherical wave to a particular direction (θ, φ in usual
convention) with respect to the direction of the incidence.
The scattering amplitude, for Vint(r) = gδ
3
p(r), with all
orders of the Born series, takes the form [16, 31–33]
f(θ, φ) = − mg
2pi~2(1 + ik mg2pi~2 )
. (3)
We have considered the scatterer to be fixed for Eqn.(3).
If the scatterer is not fixed, rather having a relative mo-
tion with the incident ‘particle’ keeping the interacting
potential unaltered, then the scattering amplitude would
take the form
f(θ, φ) = − µ¯g
2pi~2(1 + ik µ¯g2pi~2 )
, (4)
where µ¯ = mMm+M is the reduced mass and M is the mass
of the scatterer [16]. The scattering amplitude is inde-
pendent of θ and φ for low energy scattering, so that,
s-wave scattering length can be conveniently defined, for
low energy scattering, as as = limk→0−f(θ, φ). Thus,
we quantify the coupling constant, as g = 2pi~
2as
µ¯ .
A. For a single scatterer in a 1-D harmonic trap
If r be the position of the incident particle, such that
the center of the trapped potential (r = 0) is the origin,
then the δ3p interaction between the incident particle at
r and the scatterer at x0iˆ can be expressed as
Vint(r) = gδ
3
p(r− x0iˆ). (5)
Eqn.(3) can be recast for this problem by using Eqn.(5)
as
f(θ, φ) = −mgk
2pi~2
ei(k−k
′)·x0 iˆ = −mgk
2pi~2
e−ik
′·x0 iˆ (6)
where gk =
g
1+ikasm/µ¯
. Eqn.(6) is correct only if the
scattering has happened only from r = x0iˆ, and will not
be correct if x0iˆ is not a fixed point.
Although we can consider Eqn.(6) where there is a rel-
ative motion (between the particle and scatterer) by re-
placing mass of the ‘particle’ by the reduced mass, yet
the scatterer is still classical as we have not quantized
the motion of the scatterer. Let us now consider quan-
tized motion of the scatterer(s) into the theory of quan-
tum scattering, and begin with the scatterer as a parti-
cle in a 1-D harmonic trap potential V (r0) =
1
2Mω
2
xx
2
0
where ωx is the angular frequency of oscillations, M)
is the mass and r0 = x0iˆ is the position of the scat-
terer such that −∞ < x0 < ∞. We again consider
the scatterer to scatter the incident ‘particle’, Aeikz, by
the interacting potential Vint(r) = gδ
3
p(r− x0iˆ). Though
the incident ‘particle’ and the scatterer are charge-less,
they are distinguished by their mass and spin. The in-
cident ‘particle’ is having zero spin, and it does not feel
the trap potential except the contact potential with the
scatterer. The scatterer is of nonzero spin (and mag-
netic moment), so that, it can be trapped by an in-
homogeneous magnetic field with the potential energy
V (r0) =
1
2Mω
2
xx
2
0 [16]. Scattering amplitude, if the scat-
terer is fixed at r = x0iˆ, would be the same as that in
3π
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FIG. 1: Intensity distribution (Dnx(θ, φ) = |fnx(θ, φ)|2) along
a line parallel to the x-axis for scattering of a ‘particle’ (eikz)
by the 1-D harmonic oscillator along x-axis for as as unit
length, kas = 5, lx/as = 1, and m/M = 0.1. Plots follow
from Eqn.(8).
Eqn.(6) as f(θ, φ) = − mgk2pi~2 e−ik
′·x0 iˆ. Normalized energy
eigenstate of the scatterer, corresponding to the energy
eigenvalue Enx = (nx + 1/2)~ωx, can be written, as [2]
ψnx(x0) =
√
1√
pilx
1√
2nxnx!
Hnx(x0/lx)e
−x2/2l2x , (7)
where lx =
√
~/Mωx is the confining length scale of the
scatterer, and Hnx(x0/lx) is the Hermite polynomial of
degree nx = 0, 1, 2, .... Now, the quantum scattering is
happening from all the points −∞ < x0 < ∞ simulta-
neously with respective probability density {|ψn(x0)|2}.
Thus, the scattering amplitude for the scatterer in the
quantum state |ψn >, can be written, using Eqn.(6), as
fnx(θ, φ) = −
mgk
2pi~2
∫ ∞
−∞
e−ik
′·x0 iˆ|ψnx(x0)|2dx0
= −mgk
2pi~2
e−q
2
xl
2
xLnx(2q
2
xl
2
x), (8)
where qx = k sin(θ) cos(φ)/2 as defined before, and
Lnx(2q
2
xl
2
x) is the Laguerre polynomial of degree nx [34].
We show the profile of the differential scattering cross-
section (Dnx(θ, φ) = |fnx(θ, φ)|2) for the 1-D case in FIG.
1 for different quantum numbers.
B. For a single scatterer in a 2-D harmonic trap
For 2-D case, the trap potential would be V (r0) =
1
2Mω
2
xx
2
0 +
1
2Mω
2
yy
2
0 where ωy is the angular frequency
of oscillations along y direction, and r0 = x0iˆ+y0jˆ is the
position of the scatterer such that −∞ < y0 < ∞. We
again consider, that, the scatterer to scatter the incident
‘particle’, Aeikz, by the interacting potential Vint(r) =
gδ3p(r − x0iˆ − y0jˆ). Thus, scattering amplitude, for the
2-D case, would be, in the separable form
fnx,ny (θ, φ) = −
mgk
2pi~2
e−q
2
xl
2
x−q2yl2yLnx(2q
2
xl
2
x)Lny (2q
2
yl
2
y)(9)
where ψnx,ny (x0, y0) is the normalized energy eigenstate
of the scatterer with energy eigenvalue Enx,ny = (nx +
1/2)~ωx + (ny + 1/2)~ωy and ny = 0, 1, 2, ....
C. For a single scatterer in a 3-D harmonic trap
Above generalization, however, is not obvious for the
scatterer in a 3-D harmonic trap potential V (r0) =
1
2Mω
2
xx
2
0 +
1
2Mω
2
yy
2
0 +
1
2Mω
2
zz
2
0 as because we further
have to consider momentum transfer mechanism for the
motion of the scatterer along the z direction since the
incident ‘particle’ has momentum only along the z direc-
tion. For this reason, generalization Eqn.(6), for an ar-
bitrary fixed position r0 = x0iˆ+ y0jˆ + z0kˆ in 3-D, would
be f(θ, φ) = − mgk2pi~2 e−ik
′·(x0 iˆ+y0 jˆ)+i(k−k′)·z0kˆ. Thus, 3-D
generalization of Eqn.(9) would be in the separable form
fnx,ny,nz (θ, φ) = −
mgk
2pi~2
∫
e−ik
′·(x0 iˆ+y0 jˆ)+i(k−k′)·z0kˆ
×|ψnx,ny,nz (x0, y0, z0)|2d3r0
= −mgk
2pi~2
e−q
2
xl
2
x−q2yl2y−q¯2zl2z
×Lnx(2q2xl2x)Lny (2q2yl2y)Lnz (2q¯2z l2z),(10)
where ψnx,ny,nz (x0, y0, z0) is the normalized energy
eigenstate of the quantum scatterer in the 3-D harmonic
trap with energy eigenvalue Enx,ny,nz = (nx+1/2)~ωx+
(ny + 1/2)~ωy + (nz + 1/2)~ωz, nz = 0, 1, 2, ..., ωz is the
angular frequency of oscillation of the scatterer along the
z direction, lz =
√
~/Mωz, and q¯z = −k(1 − cos θ)/2 =
−k sin2(θ/2) which acts like an obliquity factor. Differ-
ential scattering cross-section for the 3-D harmonic scat-
terer, can be obtained from Eqn.(10), as
Dnx,ny,nz (θ, φ) =
∣∣∣∣mgk2pi~2 e−q2xl2x−q2yl2y−q¯2zl2z
×Lnx(2q2xl2x)Lny (2q2yl2y)Lnz (2q¯2z l2z)
∣∣∣∣2.(11)
Eqn.(11) though goes beyond the first Born approxima-
tion, it is fully consistent (for kas  1) with the re-
sult obtained by Bodefeld and Wilkens after truncating
the Lippmann-Schwinger equation to the level of the first
Born approximation [4]. Averaging over the position of
the scatterer in Eqn. (10) (and that in the preceding
two as well) is justified by the fundamental principle of
superposition[48], that, if we do not know the initial po-
sition of the scatterer rather know only its energy eigen-
state |ψnx,ny,nz >, then the scattering takes place from
4all the points {r0} of the scatterer with the respective
probability densities {|ψnx,ny,nz (x0, y0, z0)|2}. We are
considering the energy eigenstate |ψnx,ny,nz > to be un-
altered in the process of scattering. Energy eigenstate
would change in the process of inelastic scattering [4].
We will discuss about the reasons in the concluding sec-
tion to justify less probability of the inelastic scattering
in the context of thermal and many-body effects [5].
III. PARTICLE SCATTERING BY BOSE AND
FERMI GASES IN THERMODYNAMIC
EQUILIBRIUM IN 3-D HARMONIC TRAPS
Let us now consider N identical ideal scatterers in the
3-D harmonic trap [16, 17]. Above expression in Eqn.(10)
can be generalized for these scatterers, all of which scat-
ter the incident ‘particle’ (Aeikz) by the same delta po-
tential (Vint(r) =
∑N
j=1 gδ
3
p(r− r0j)), as
fn1,n2,...,nN (θ, φ) = −
mgk
2pi~2
e−||q¯·l||
2
nj=N∑
nj=1
Lnjx(2q
2
xl
2
x)
×Lnjy (2q2yl2y)Lnjz (2q¯2z l2z), (12)
where nj = (njx, njy, njz) represents quantum numbers
corresponding the energy eigenstate of the jth oscillator,
and ||q¯·l||2 = q2xl2x+q2yl2y+ q¯2z l2z . Eqn.(12), however, is ap-
plicable not only for distinguishable scatterers, but also
for Bose and Fermi scatterers as all the energy eigenstates
are orthogonal.
Let us now consider the ideal scatterers in thermody-
namic equilibrium with its surroundings at temperature
T and chemical potential µ. Scattering amplitude for the
scatterers would now depend upon the temperature and
chemical potential, and can be written, as
f¯T (θ, φ) = −mgk
2pi~2
e−||q¯·l||
2
(∞,∞,∞)∑
n=(0,0,0)
n¯nLnx(2q
2
xl
2
x)
×Lny (2q2yl2y)Lnz (2q¯2z l2z), (13)
where n¯n =
1
e(En−µ)/kBT∓1 represents no. of scat-
terers in the single-particle quantum state ψn(r0) =
ψnx,ny,nz (x0, y0, z0) for Bose (−) or Fermi (+) scatterers,
and En = Enx,ny,nz = (nx + 1/2)~ωx + (ny + 1/2)~ωy +
(nz + 1/2)~ωz. Eqn.(13) is our prediction for the scat-
tering amplitude for a harmonically trapped ideal Bose
or Fermi gas at any temperature. For a single particle,
n¯n in Eqn.(13) can be replaced by the Boltzmann proba-
bility Pn = e
−En/kBT /Z where Z =
∑
n e
−En/kBT is the
partition function. We show temperature dependence of
D¯T (θ, φ) = |f¯T (θ, φ)|2 for a single particle in FIG. 2. We
also show its statistics dependence in the FIG. 2 (inset).
For T → 0, all (N) the Bose scatterers occupy the
ground state. Differential scattering cross-section, in this
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FIG. 2: Intensity distribution for scattering of a ‘particle’
(eikz) by a 3-D isotropic harmonic oscillator for as as unit
length and m/M = 0.1. Plots follow from the right hand side
of Eqn.(13) with n¯n replaced by Pn. Dashed, dotted and solid
lines correspond to DT (θ, 0) for T → 0, T → 10−7K, and T →
∞, respectively. In the inset, the parameters remain same,
except the temperature and no. scatterers. Dashed, dotted
and solid lines in the inset are linked to Bose gas (Eqn.(14)),
Fermi gas (Eqn.(16)), and classical scatterers (Eqn.(13) for
n→∞ limit) in the 3-D isotropic harmonic trap.
situation, takes the form, from Eqn.(13), as
D¯T→0(θ, φ) = |f¯T→0(θ, φ)|2 = |Nak|2e−2||q¯·l||2 , (14)
where ak =
mgk
2pi~2 =
asm/µ¯
1+ikasm/µ¯
. We plot Eqn.(13) in
FIG. 4(b) for relevant values of parameters. Eqn.(14)
leads to the scattering cross-section, for k → 0, as
σ =
∫ pi
0
dθ
∫ 2pi
0
dφD¯T→0(θ, φ) sin θ = 4pi|Nasm/µ¯|2. (15)
On the other hand, for T → 0, all the (N) Fermi scat-
terers (of the same spin component, say spin up) will
occupy the first N single particle states. Thus, for large
N and isotropic case, modulus squared of the r.h.s. of
Eqn.(13), takes the form[49], for harmonically trapped
Fermi gas as
D¯T→0(θ, φ) = |Nak|2e−6||q¯·l||2N1/3 . (16)
For classical scatterers (nx, ny, nz → ∞), in contrary to
the above, the scattering amplitude in Eqn.(13) would be
infinitely narrow[50] as shown in FIG. 2 (inset).
A. Weak interparticle interactions and finite size
effects for Bose scatterers in a 3-D harmonic trap
Temperature dependence of the scattering amplitude
comes from the triple summation in Eqn.(13). The sum-
mation, in the thermodynamic limit, followed by the Tay-
lor expansions of the Laguerre polynomials about k = 0
5with q2 = (q2x+q
2
y+ q¯
2
z), ωx = ωy = ωz = ω, l¯ =
√
~/Mω,
t = kBT~ω , z = e
µ/kBT and N = t3Li3(z) takes the
form S = t3Li3(z)− 6q2 l¯2t4Li4(z) + (q2 l¯2)2[12t5Li5(z) +
3t4Li4(z)] + O(q
6) for the Bose gas above the condensa-
tion point (T > Tc =
~ω
kB
[N/ζ(3)]1/3)[51]. For T < Tc,
similar form also appears with non-condensate fraction
(t/tc)
3 where tc =
kBTc
~ω . Condensate part shows tem-
perature dependence only in the form of the condensate
fraction N0N = 1 − (t/tc)3. Temperature dependence of
D¯T (θ, φ) = |f¯T (θ, φ)|2, for the Bose gas, with the ap-
propriate temperature dependence of the chemical po-
tential [35], is shown in FIG. 3. For Fermi gas, only
change would be the replacement of the Bose-Einstein
integrals (Lij(z)) by the Fermi integrals (−Lij(−z)) ∀j.
For anisotropic trap, forms of the bulk quantities are
mostly unaltered with the replacement ω = (ωxωyωz)
1/3.
For the finite size of the trap and weak inter-scatterer
interactions ( 4pi~
2a˜s
M
∑
i,j<i δ
3
p(~r0i − ~r0j)), the condensate
fraction, to the lowest order in a˜s, takes the form
N0
N =
1− (t/tc)3− 3t
2ζ(2)
2t3cζ(3)
− 4.932t7/2a˜s
t3cζ(3)l¯
within the Hartree-Fock
(H-F) approximation [16, 36, 37]. Inter-scatterer interac-
tions do not greatly modify Eqn.(13) as N1/6a˜s/l¯  1.
These interactions, apart from modifying the condensate
fraction, can substantially scale (l¯ → ˜`) the typical con-
fining length l¯ (i.e. lx, ly and lz) in the exponent in
Eqn.(13) keeping its form unaltered. Finite temperature
scaling of l¯, as prescribed in Ref. [38], is shown in FIG. 3
(inset-a) for repulsive interactions. With both the modi-
fications, we have shown corrections due to the finite size
and the inter-scatterer interactions effects[52] to the tem-
perature dependence of D¯T (θ, φ) specially for the back-
ward scattering below Tc in FIG. 3 (inset-b). From the
trend of the scaling, one can neglect the effect of inter-
actions for T > Tc. However, effect of the interactions,
for T → 0, may not necessarily be perturbative, and can
be better described within Thomas-Fermi approximation
[5].
In the FIG. 4(b) we show the scaling result for the an-
gular dependence (θ) of the differential scattering cross-
section for the weakly interacting case of the BEC for
T → 0, and finite temperature and size effects over this
result within the Hartree-Fock approximation according
to the prescription described above. It is quite clear from
the plots in the FIG. 4(b), that repulsive interactions lead
to narrowing down the profile of the differential scatter-
ing cross-section around θ = 0 as the condensate broad-
ens up around θ = 0. This is quite natural, as because,
the scattering amplitude for the extended object (BEC)
is Fourier decomposed at all the source points of scat-
tering. However, if temperature increases, probability of
excited states being occupied by the scatterers increases,
which in turn increases probability of scattering to some
larger angles like that shown in FIG. 1. Thus, increase
of temperature leads to large angle scattering. However,
coherency get reduced if scatterers are found in different
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FIG. 3: Temperature dependence of the differential scattering
cross-section along the forward (θ = 0, dotted line), perpen-
dicular (θ = pi/2, dashed line) and backward (θ = pi, solid
lines) directions for 3-D harmonically trapped isotropic ideal
Bose gas for the relevant parameters as mentioned above.
Plots follow from Eqn.(13) for m/M = 0.1. Inset-a repre-
sents finite temperature scaling (l¯ → ˜`) of l¯ for the same
system (within the 4th order in ˜`/l¯ − 1 in the H-F en-
ergy functional [38]) for the coupling constant 4pi~
2a˜s
M
with
a˜s = 90a0 = 0.0056l¯ for
87Rb atoms [39]. Dotted line in the
inset-b represents finite size and inter-scatterer effects within
the H-F approximation over the solid line which also repre-
sents backward scattering in the main figure.
energy eigen states other than the ground state at a finite
temperature. It results reduction of the scattering cross-
section with the increase of temperature. This is true in
general. This is also apparent in FIG. 2 both for ideal
Bose and Fermi scatterers in harmonic traps. We will
also investigate the same for interacting BECs in other
trapped geometries like double-well trap and optical lat-
tice trap.
IV. PARTICLE SCATTERING BY BOSE
SCATTERS IN OTHER 3-D OPTICAL TRAPS
A. For Bose scatterers in a double-well potential
Let us now consider an ideal gas of N+N Bose scatter-
ers in a 3-D double-well potential V (r0) = −Mω2xx20/2 +
Mω2xx
4
0/4d
2 + 2Mω2yy
2
0/2 + 2Mω
2
zz
2
0/2, such that, fre-
quency of oscillation is the same as that in the previous
case, and the minima of double-well are separated along
x-axis by a distance d [16, 40]. In thermodynamic equilib-
rium, for T → 0, all the particles condense to the ground
state. Within the tight-binding approximation (which is
very good for d  lx), there would be two distinct con-
densates of N scatterers in each well, such that each of
the condensates scatters the incident ‘particle’ (Aeikz)
like that in Eqn.(14). However, net scattering amplitude
6would be the superposition of the scattering amplitudes
corresponding to the individual condensate as the setup
is analogue of the double slit experiment [16, 41]. Thus,
scattering from the two condensates would interfere, as
D¯T→0(θ, φ) = |Nak|2e−2||q¯·l||2
[
2 cos
(pid sin(θ)
λ
)]2
. (17)
Here we did not consider any Josephson oscillation as
d  lx [42, 43]. We plot the differential cross-section
in FIG. 4(c) for relevant values of parameters. In the
same figure we further present scaling results for weakly
interacting Bose scatterers in the double-well trap well
below the condensation point and finite temperature and
size effects within the Hartree-Fock approximation on top
of the tight binding approximation in a similar way as
prescribed in the previous section for the Bose scatterers
in the harmonic trap.
B. For Bose scatterers in a 1-D optical lattice
Let us now consider N ′ 3-D noninteracting BECs in a
1-D optical lattice [18, 44], such that two consecutive con-
densates are separated along x-axis by the lattice spacing
d. Entire system is in thermodynamic equilibrium. For
T → 0, all the condensates have the same (N) number of
particles. So, the system essentially is a 1-D grating of 3-
D condensates. Within the tight-binding approximation,
there would be N ′ distinct condensates of N scatterers in
each well, such that each of the condensates scatters the
incident ‘particle’ (Aeikz) like that in Eqn.(14) [16, 45].
However, net scattering amplitude would be the super-
position of the scattering amplitudes corresponding to
the individual condensate as the setup is now analogue
of the 1-D grating experiment. Thus, scattering from the
N ′ condensates would interfere, as
D¯T→0(θ, φ) = |Nak|2e−2||q¯·l||2
[
sin(N
′pid sin(θ)
λ )
sin(pid sin(θ)λ )
]2
. (18)
Since d  lx, Eqn.(18) is good for the Mott insula-
tor phase of the condensates. We plot D¯T→0(θ, φ) in
FIG. 4(d) for relevant values of parameters. In the same
figure we further present scaling results for weakly in-
teracting Bose scatterers in the optical lattice trap well
below the condensation point and finite temperature and
size effects within the Hartree-Fock approximation on top
of the tight binding approximation in a similar way as
prescribed in the previous section for the Bose scatterers
in the harmonic trap.
Again we see, in FIGs. 4(c) and (d), according to our
expectation, that, repulsive interactions lead to narrow-
ing down the profile of the differential scattering cross-
section around θ = 0 as the condensates broaden up
around θ = 0. Increase of temperature, as expected and
explained before, leads to large angle scattering also for
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FIG. 4: Total differential scattering cross-section for quantum
scatterer(s) in trapped geometry. For all the figures, we have
considered the following: lx = ly = lz = as, kss = 2, and
m/M = 0.1. Solid, dotted and dashed lines in FIG. 4 (a)
follow Eqn.(11) for nx = 5, ny = 1, nz = 0; nx = 0, ny =
0, nz = 0; and nx = 20, ny = 20, nz = 20 respectively.
Solid line in FIG. 4 (b) represents Eqn.(14), the solid line in
FIG. 4 (c) represents Eqn.(17) for d = 10 lx, and the solid
line in FIG. 4 (d) represents Eqn.(18) for d = 10 lx and N
′ =
10. While the solid lines in the last three (4 b,c,d) figures
represent non interacting BEC(s), the dotted lines in the same
figures represent scaling results for interacting BEC(s) with
a˜s = 0.0056l¯ as set in FIG. 3, and dashed lines represent finite
temperature and size effects over the dotted lines within the
H-F approximation for T/Tc = 0.1.
the scatterers in the double-well trap and the optical lat-
tice trap. Coherency would be lost in presence of the
disorders in the BECs. In this situation the differential
scattering cross-sections in the FIGs. 4(b), (c) and (d)
would be infinitesimally narrow like that shown by the
solid lines in the FIG. 2.
V. CONCLUSIONS
To conclude, we have presented quantum theory of
particle scattering by quantum scatterers in quantized
bound states in harmonically trapped geometry for
Fermi-Huang δ3p [1] interactions (between the incident
particle and the scatterers), which although are easy to
deal with have huge applications in the field of ultra-
cold atoms [15, 16]. Particle scattering by the quan-
tum scatterer(s) in thermal equilibrium in finite geom-
etry of optical traps has not been investigated before us
except for T → 0 [5, 23, 24]. Temperature dependence
of the differential scattering cross-sections, as shown in
FIG. 2, would be an important tool to distinguish type
(bosonic/fermionic) of the scatterers. The discontinuities
in the slops of D¯T (θ, φ)s at T = Tc, except for the for-
7ward scattering as shown in FIG. 3, can be used to detect
occurrence of BEC by particle scattering method. Our
predictions can be tested within the present day experi-
mental setups.
Just by looking into the scattering intensity-pattern
for sufficiently large energy of the incident ‘particle’, as
shown in FIG. 1, and counting the maximum number of
the zeros of the differential scattering cross-section along
x-axis, one can easily determine energy eigenstate of 1-D
harmonic oscillator, as number of the zeros along the x
axis is equal to quantum number nx. From the highest
possible peak height of the forward differential scattering
cross-section for a scatterer in the harmonic oscillator,
one can easily determine scattering length (as) of the
incident ‘particle’ as the height, for low energy of the
incident ‘particle’, is proportional to a2s.
We have constructed our theory for a single incident
‘particle’. For a beam of N¯ incident ‘particles’, A in
Eqn.(2) would be replaced by
√
N¯A, and all the results
which depend on ‘A’ would be scaled accordingly. How-
ever, the scattering amplitude, the differential scattering
cross-section, and the total scattering cross-section are
independent of ‘A’. So, all our result would be unaltered
under this scaling.
Parameters used for plotting the figures are not spe-
cific to a particular scattering problem. However, we
set m/M = 0.1 which would be appropriate for 40K as
(fermionic) scatterer and 4He as the scattered particle.
The ratio of m/M though would be even less (0.046)
for the combination of 87Rb (bosonic scatterer) and 4He
(scatterer particle) our results would not change much, as
m/µ¯ for both the cases are approximately 0.91 and 0.96
respectively. We set as/l¯ = 1 and a˜s/l¯ = 0.0056 (which is
appropriate for 87Rb atoms) to show stronger effect due
to the particle scattering than that due to inter-scatterer
interactions. Values of ω and kas are set 1000 and 2
respectively to clearly show effect of temperature on par-
ticle scattering by a harmonic oscillator in the ultra-cold
regime (T ∼ 10−7K). If k increases, number of max-
ima and minima increases in the profile of the differen-
tial scattering cross-section. The number of maxima and
minima further increases if the quantum number (i.e. the
nodes in the wave function of the scatterer) increases. We
set N = 104 to show a significant difference between the
particle scattering by a Bose gas and that by a Fermi
gas in a harmonic trap. The later one shifts towards the
classical limit if N increases.
Here, we have considered only elastic scattering. Ele-
mentary excitations over the BEC leads to inelastic scat-
tering involving inelastic processes where the trapped
particles in scattering out-states are found in different
harmonic oscillator states than those in the scattering
in-states. Hence, inelastic scattering is less probabilistic
at finite temperatures. Moreover, differential scattering
cross-section in inelastic channels decays exponentially
with the number of scatterers beyond a certain value [5].
Particle scattering by weakly interacting harmonically
trapped BEC was already studied, for T → 0, by Idzi-
aszek et al with consideration of the first Born approx-
imation for gδ3(r) potential [5]. One may suspect their
result, as, gδ3(r) can not truly scatter a ‘particle’ except
in 1-D [32, 33]. However, the first Born approximation,
for gδ3(r) interaction, surprisingly gives correct result for
kas → 0.
Within the last two decades, a lot of experimental ob-
servations have been done on harmonically trapped ultra-
cold Bose and Fermi gases. Our prediction of the scat-
tering amplitudes or differential scattering cross-sections
in Eqns.(13) to (18) (or that represented in FIGs. 2,
3 and 4) may open interests to the experimentalists to
study temperature dependence in particle scattering by
harmonically trapped Bose and Fermi gases.
Our theory can be generalized, without much difficulty,
for weakly interacting scatterer(s) in box geometry with
further consideration of scattering (diffraction) by the
aperture [14] within perturbative formalism. Our work
can be further extended with the consideration of the el-
ementary excitations as prescribed in Ref. [5] specially
for the condensates in a double well and optical lattice
not only for elastic collisions but also for inelastic colli-
sions. However, how to generalize our result for strongly
interacting scatterers, e.g. atoms in Feshbach resonance,
is an open problem. We consider condensates to be well
separated in both the cases of double well and optical
lattice. Generalization of results for the Josephson os-
cillations [42, 43] and superfluid phase specially around
superfluid-Mott insulator transition [18, 46] are kept as
open problems. In quantum theory, refraction can be
thought of a quantum scattering of a ‘particle’. In fu-
ture, our theory can be extended towards the quantum
theory of refractive index of a medium of quantum fluid.
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